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Abstract 

We discuss the Ashtekar formalism from the point of view of twelve dimen- 
sions. We first focus on the 2 + 10 spacetime signature and then we consider 
the transition 2 + 10 -> (2 + 2) + (0 + 8). We argue that both sectors 2 + 2 
and + 8, which are exceptional signatures, can be analyzed from the point 
of view of a self-dual action associated with the Ashtekar formalism. 
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Over the years it has become clear that considering gravitational and gauge 
theories with more than one time coordinate is a very interesting and useful 
idea for understanding different aspects of traditional gravitational and gauge 
field theories with only one time (see Ref. [1] and references therein). In partic- 
ular, the 2 + 10- dimensional spacetime signature has emerged as an interesting 
possibility for the understanding of both supergravity and super Yang-Mills 
theory in D = 11 (see Ref. [2]). Thus, by seriously taking a 2 + 10-dimensional 
gravity one may be interested in various possibilities offered by this theory. For 
instance, one may be interested in a realistic theory in four dimensions via the 
symmetry braking 2 + 10 — > (1 + 3) + (1 + 7). However, this may not be the 
only attractive possibility. In fact, one may think on the alternative transition 



Of course, in this case one should not have a direct connection with our four 
dimensional real World. Nevertheless, the signautre 2 + 2 has been considered 
in connection with a world volume of 2 + 2-brane (see [3]). In fact, the 2 + 
2-brane arises in N = 2 theories which require two times for its complete 
formulation [4]. Another source of interest in the 2 + 2 signature is that 
such a signature admits a Majorana-Weyl spinors and self-dual gauge fields 
formulation [5]. Moreover, it has been shown that the symmetry SL(2,R) 
makes the 2 + 2 signature an exceptional one [6]. On the other hand, the 
signature + 8 is euclidean and in principle can be treated with the traditional 
methods such as the octonion algebraic approach [7]. In pass, it is interesting 
to observe that octonion algebra is also exceptional in the sense of Hurwitz 
theorem (see Ref. [8] and references therein). Thus, we see that both 2 + 2 
and + 8 are exceptional signatures and therefore these observations make the 
transition (1) worthwhile of being studied. 

Here, we shall discuss the signatures 2 + 2 and + 8 from the point of 
view of 'self-dual' actions associated with the Ashtekar formalism (see Ref. [9] 
and references therein). For that purpose let us assume that the spacetime 
manifold M 2+10 can be broken up into the form M 10+2 -»■ M 2+2 x M 0+8 . This 
implies that the 50(2,10) Lovelock type curvature (see Refs. [10]-[13] and 
references therein) 



2 + 10 -> (2 + 2) + (0 + 8). 
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can be split into the form 



and 



Hi = 44 - 44, (4) 



K B = Rf + (5) 



K = R % + ( 6 ) 



with the corresponding definitions (3) and (4) for Rfj B ,T,fj B , and E"^,. In 

addition, we assume that Kff and llf v 'live' in M 2+2 and M 0+8 , with 50(2, 2) 
and 5*0(8) as the corresponding gauge groups, respectively. 

Let us now consider a MacDowell-Mansouri type action [11] -[13] in a 2 + 
10— dimensional spacetime [14] 

S = [ ^^KpABCb^ (7) 
Jm 2 +™ P ap 

where Vt^ 13 is a completely antisymmetric constant in M 10+2 and fi^^c*^ is 
also a completely antisymmetric constant associated with the 50(2, 10) group, 
yet to be chosen. Assuming the transition M 10+2 — > M 2+2 x M 0+8 we find 
that the action (7) may be split as 

s = [ e^ l nfn c kl D e ABCD + f v^n%n% v&i£d . (8) 

J m 2 + 2 Jm°+ 8 

Here, e ljkl and Sabcd are completely antisymmetric objects linked to the sig- 
nature 2 + 2, while rf vafi and r\^^ are completely antisymmetric objects linked 
to the signature + 8. The next step in our quest of associating an Ashtekar 
formalism with the spacetimes of signatures 2 + 2 and + 8 is to consider the 
self-dual (antiself-dual) sector of the action (8). 
Let us first focus on the first term in (8); 



'2+2 



/ e^ l nfn c kl D e ABCD . (9) 

Jm 2 + 2 

We recognize this action as the MacDowell-Mansouri action for spacetime of 
signature 2 + 2. Before we write the self dual sector of (9) it is convenient to 
discuss some of the properties of the object Sabcd- First, let us set £1234 = 1. 
So we find that 



£ ABCD = ^VVV'W^ (10) 
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where r/ AB = diag(—l, —1,1,1), gives e 12U = 1. We observe that Detr] AB = 1. 
Hence, we get 

ABCD _ OK AB fn\ 

£ £efcd = 2o ef . (11) 

Here, we used the definition 5p F = S^5p — 5^5p, where 5 B is the Kronecker 
delta. This means that the property (11) of Eabcd is exactly the the same as 
the corresponding euclidean quantity. 
Let us now define the dual curvature 



'^ij — 7^ £ CD ,< -ij ■ 



Using (11) we see that 



**nf = nf. (13) 

In this way, the self-dual (antiself-dual) curvature 

X s = \inff ±*nf) (14) 

gives 

= (±)^f , (15) 



J B is splf r 



which means that ± TZf^ is self dual (antiself-dual). In fact, we have 

nf =+ nf + nf. 

This implies that the action (see Refs. [13], [15], [16]) 

+ S 2+2 = [ e^llf^eABCB (16) 
Jm 2 + 2 

corresponds to the self-dual sector of the action (9). A similar action can be 
written for the antiself-dual sector of (9). In fact, we have <S 2 +2 = + S2+2 +~ 

<$2+2 • 

Now we would like to discuss the consequences of (16). For this purpose 
we first write (14) in the form 



1 

-13 2 L ' "' 1 

where 
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± Br L = \(4 B L±e A K B L ). (18) 

By straightforward computation one finds that the projector ± Bj^ B i satisfies 
the property 

± B m B n z Brs£abcd = ±4: ± Bmnrs- (19) 
Therefore, using (19) we see that (16) can also be written as 

+ S 2+2 = [ e^ kl nfn c kl D B ABCD . (20) 
Jm 2 + 2 

Using (18) we discover that (20) results in 

+ s 2+2 = \ [ e^nfnZ D e ABCD + \ f e^nffnZ^ABCD, (21) 

1 Jm 2 + 2 1 Jm 2 + 2 

where r] ABCD = i] Ac r] BD — f] AD r\ BC . The first term in (21) can be split using 
(5) in the Euler topological invariant and the Einstein-Hilbert action with cos- 
mological constant, while the second term leads to the Pontrjagin topological 
invariant. Therefore, up to topological invariants the action (16) is equiva- 
lent to the Einstein-Hilbert action with cosmological constant. It is worth 
mentioning how the cosmological constant arises from the first term of (21). 
Since 1Z^ B = R^ B + and = efef — efef we observe that under the 
rescaling ef — > \ef we shall get the transformations e % ^ kls Lf B R^f e A bcd — * 

\\^AB R CD Eabcd and eiM^fYF^SABCD -> X^S^f^g S ABCD which 

means that under the rescaling + S 2 +2 — > ^2 + 5 2+2 one can identify, up to 
numerical factor, A 2 with the cosmological constant (see Ref. [12] for details). 
Let us now consider the second term in (8) (see Ref. [14]) 

So +8 = / fT^^iOaSM- (22) 
Jm°+ 8 

First we need to clarify the meaning of the completely antisymmetric objects 
Vabcd ( or rf va ^). The key idea is to relate to the octonion structure 

constants C c ~ in the form 

ab 

V8abc = ^C abc (23) 

and 

Vabcd = jfabcdcfgC ef9 , (24) 
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where the indices a, b, ...etc run from 1 to 7, e a fecde/3 is the completely antisym- 
metric symbol in seven dimensions and q — ±. Using (23) and (24) it can be 
shown that r} & ^ is self-dual: 

Vabcd = ^J 5 abode fghV ^ • (25) 

For q = 1, it is self-dual (and for q = — 1 is antiself-dual). One can verify 
that four-rank completely antisymmetric tensor rj^j (also rj p) satisfies the 
relations [17]-[19] (see also Refs. [7] and [20]), 

W7* /al = Q 4 + Hi' ( 26 ) 

'/,,„,/'/ '"" = 42^, (27) 

'/„/„ ,/'/'""" = 336. (28) 
The next step is to introduce the dual of 1Z a % in the form 



/if 

= \&%- (29) 
The self-dual and antiself-dual parts ± H a % u of 1Z a % are defined as 

+ nt = \{nt+*nt) (30) 
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and 



respectively. Since 



we see that 



and 



-tt£ = ^(37$ (31) 



= m% + 2*11% (32) 



* + 1l% = 3 + K% (33) 



*-K» = --11%. (34) 



Thus, up to a numerical factor we see that + Kf v and ~Kf v play, in fact, the 



role of the self-dual and antiself-dual parts, respectively of 1Z%. It turns out 
to be convenient to write (30) as 
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where 



= \ + A^S> (35) 



+ ^4 = \(4 + 4)- (36) 



While, (31) can be written in the form 



K = \ (37) 



2 

with 



-*%=\W$-4)- (38) 



Now, we would like to propose the action 



(39) 

which is a generalization of the action (22). Here, + r and r are two constant 
parameters. It is worth mentioning that the proposal (39) emerged from the 
observation that ± A are projection operators. In fact, one can prove that the 
objects + A and "A, given in (36) and (38) respectively, satisfy [19] 

+ A+~A = 1, (40) 

+A-A =" A+A = 0, (41) 

+A 2 =+ A, (42) 

and 

-A 2 =" A. (43) 

Here, ±A 2 mean 

' 4 cd gh abef 

Let us focus on the self-dual part of (39): 

+ s 0+8 = ±-( ^nf+n^^. (44) 

+ T J M 0+S 
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Presumably, most of the computations that we shall develop below in connec- 
tion with + *S>o+8 ma y a ^ so ^ e a PP ne d to the antiself-dual sector ~So + $. It is 
worth mentioning that the action (39) is the analogue of the action proposed 
by Nieto [14] in eight dimensions with signature 1 + 7. Let us start observing 
that since 

+ Ku = + R% + + S (45) 
one finds that the action (44) becomes 

+S 0+8 = r^[ (T + K + C), (46) 

with 

K = 2 V ^ + E% + R%rj &i ^ (48) 

and 

Using (35) and (36), it is not difficult to see that T can be identified with a 
topological invariant in eight dimensions analogous to Pontrjagin and Euler 
invariants in four dimensions. At this respect, it is worth mentioning that in 
the case of GVinvariant super Yang Mills theory [21] a topological term of the 
form 

S 0+ 8 = J- / V^F* u F^g ab , (50) 

where F£ v is the Yang-Mills field strength and g a b is the group invariant met- 
ric, has been considered. Thus, the term T in (47) can be considered as the 
'gravitational' analogue of (50). Similarly, K should lead to a kind of gravity 
in eight dimensions. Finally, C may be identified as the analogue of a cosmo- 
logical constant term in the following sense. For a cosmological constant one 
would expect a term of the form 

hi ^-^a,..a 8 e^ ■ • • e* = / det(ej). (51) 
o! Jm°+ 8 Jm°+ s 

But, C is quartic in and then a first sight one may say that does not contain 
det(e^). However, due to the self-dual relation (25) one may write C in the 
form 
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C = -fr'/ '^^V ,,/,;, (52) 

Thus, using the identity £a\...as^x 1 ■ ■ ■ c^ 8 — det(e^)£^ tl ... (Ug one may obtain that 
C ~ det(e"). In fact, (52) can be rewritten as 

c = ^rr^^^^f S h^x44^4^ 9 

(53) 

where + Y7^e° r e b x = + X™* and e^e^e^e^r) 7 '^ 6 ' = rf^ h . This shows that in princi- 
ple we may have C ~ det(e^). However, in the process we have introduced two 
new objects and ff' 5 ^ e which may lead to an alternative result when they 

are again written in terms of and rf^ h respectively. Other possibility 

is to consider C as a new type of cosmological constant term not necessarily 
related to det(e^). In this case it is necessary to consider that, in general, the 
e-symbol is Lorentz invariant in any dimension, but in contrast the Ty-symbol 
is only iSC^ 7) -invariant in eight dimensions (see Ref. [19]). Therefore, the 
//-symbol spoils the Lorentz invariance of the action + <S> 0+ 8 gi ven m (50) and 
in particular of the C term, but maintains a hidden 50(7)-invariance. In fact, 
this is a general phenomenon in field theories involving the 77-symbol (see, for 
instance, Refs. [21] and [7]). 

Let us summarize our results. We started with a 2 + 10 dimensional grav- 
itational theory and we assumed a possible symmetry braking of the form 
2 + 10 — > (2 + 2) + (0 + 8). We proved that classically it makes sense to 
associate both signatures 2 + 2 and + 8 with the Ashtekar formalism. Al- 
though our procedure was similar to the case 2 + 10 — > (1 + 3) + (1 + 7), the 
steps were necessary if eventually one desires to develop an Ashtekar canonical 
quantization for the signatures 2 + 2 and + 8. 

Since one of the most interesting candidates for the so-called M— theory is 
a theory of a 2 + 2— brane embedded in 2 + 10 dimensional background target 
spacetime (see [3] and Refs. therein) our formalism points out a possible 
connection between Ashtekar formalism and M— theory. In fact, this version 
of M— theory evolved from the observation [4] that the complex structure of 
N = 2 strings requires a target spacetime of signature 2 + 2 rather than 1 + 9 as 
the usual N — 1 string theory. Thus, a natural step forward was to consider 
the iV = (2,1) heterotic string [22]. In this scenario, it was observed that 
a consistent = (2, 1) string should consider right-movers 'living' in 2 + 2 
dimensions and left-movers in 2+10 dimensions. The connection with our work 
comes from the fact that the dynamics of a 2 + 2— branes leads to self-dual 
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gravity coupled to self-dual supermatter in 2 + 10 dimensions. And self-duality 
in this signatures is precisely what we have considered in this work. 

Another reason for expecting a connection between M— theory and Ashtekar 
formalism comes from the link between oriented matroid theory [23] and two 
time physics. In fact, it has been proved [24] that oriented matroids may be 
related to M— theory by various routes [25]- [29], and in particular via two time 
physics [24] . Moreover, it has been proposed that oriented matroid theory may 
provide a mathematical framework for M— theory [29] -[30]. Thus, a connec- 
tion between Ashtekar formalism and oriented matroid theory seems to be an 
interesting possibility. 

The actions + S 2 +2 and + <S 0+ 8, gi ven m (16) and (44) respectively, should 
in principle admit steps toward a canonical quantization similar to the steps 
given after the Jacobson-Smolin-Samuel action in four dimensions [31]- [32]. 
However, while canonical quantization in four dimensions of the Jacobson- 
Smolin-Samuel action leads to quantum states of the form exp(S , cs ), where S cs 
is a Chern-Simons action, the quantum states in the signatures 2 + 2 and + 8 
could be very different and surprising. The main reason for this is that the 
signatures 2 + 2 and + 8 are exceptional, and therefore, one should expect 
that the corresponding canonical quantizations are also exceptional. 

We should mention something about the transition M 10+2 — > M 2+2 x M 0+8 
which allows us to obtain (8) from the action (7). Typically, in Kaluza-Klein 
theories, one assumes the compactification M d+1 — >■ M 3+1 x B, where M 3+1 
is identified with the ordinary four dimensional manifold and B is considered 
as (d — 3)-dimensional compact manifold. For instance, in D = 11 supergrav- 
ity one may consider the compactification M 10+1 — > M 3+1 x S 7 , where S 7 is 
the seven sphere. It is assumed that the "size" of the compact manifold B, 
with isometry group G, is much smaller than the "size" of the other physical 
manifold M 3+1 . This assumptions allow to apply the so called dimensional re- 
duction mechanism. In going from (7) to (8) we have applied similar procedure 
considering M 0+8 as a kind of compact manifold and in this way eliminating 
possible cross terms. However, just as the Kaluza-Klein theory has several 
interesting generalizations, including arbitrary B manifolds (see, for instance, 
Ref. [33]), for further research it may be interesting to investigate a possible 
interaction between the two sectors M 2+2 and M 0+8 . 

Finally, it is worth mentioning that, besides the N = (2, 1) heterotic string 
theory, Matrix theory [34] is another proposed candidate for M— theory. Since 
there seems to exist a connection between these two approaches (see Ref. [35]) 
one should also expect a relation between Ashtekar formalism and Matrix the- 
ory. Fortunately, Smolin [36]- [37] (see also Refs [38] and [39]) already has de- 
scribed this possibility. In particular, in the context of topological M— theory 
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Smolin [37] has investigated the possibility of obtaining Hitchin's 7 seven di- 
mensional theory, which in principle seems to admit background independent 
formulation, from the classical limit of M— theory, namely eleven dimensional 
supergravity. The idea is focused on an attempt of reducing the eleven dimen- 
sional manifold M 1+10 in the form 

M i+io ^ R x j; x s 1 x R 3 . (54) 

Here, E is a complex six- dimensional manifold. Considering that the only 
degree of freedom is the gauge field three form A which is pure gauge A = 
dp and therefore locally trivial dA = 0, the Smolin's conjecture is that the 
Hitchin's action can be derived from the lowest dimensional term that can be 
made from d(3 on R x E of the corresponding effective action (see Ref. [37] 
for details). Observing that E x S 1 is a seven dimensional manifold and since, 
via the octonion structure, the solution + 8 is related to the seven sphere 
solution of eleven dimensional supergravity one is motivated to conjecture that 
there must be a connection between our approach of incorporating Ashtekar 
formalism in the context of M-theory and the Smolin's program. 
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